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E-mail address: l.delorenzis@tu-braunsch weig.deThe development of predictive models for plate end debonding failures in beams strengthened with thin
sofﬁt plates is a topic of great practical relevance. After the early stress-based formulations, fracture
mechanics approaches have become increasingly established. More recently, the cohesive zone (CZ)
model has been successfully adopted as a bridge between the stress- and fracture mechanics-based treat-
ments. However, the few studies of this nature propose complex formulations which can only be imple-
mented numerically. To date, the only available analytical solution based on CZ modeling for the
prediction of interfacial stresses/debonding in plated beams is limited to the determination of interfacial
shear stresses and thus neglects the mixed-mode effects generated by the presence of interfacial normal
stresses at the plate end. This paper presents a new analytical formulation based on the CZ modeling
approach for the prediction of plate end debonding in plated beams. A key enhancement with respect
to the previous solution is the use of a coupled mixed-mode CZ model, which enables a full account of
mixed-mode effects at the plate end. The model describes the evolution of the interface after the end
of the elastic regime, and predicts the value of the load at incipient debonding. The achievement of a
closed-form solution for this quite complex case entails the introduction of a crucial simplifying assump-
tion, as well as the ad hoc modeling of an effective cohesive interfacial response. The paper presents the
analytical theory and compares its predictions with numerical and experimental results.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The effectiveness of the plate bonding technique is strongly af-
fected by the performance of the bond between the strengthening
plate and the beam substrate, which has thus been extensively
researched. In particular, this paper focuses on the so-called plate
end debonding mechanism, whereby failure occurs by the forma-
tion and rapid growth of an interfacial crack starting from the plate
end.
Debonding failures starting from the plate end depend largely
on the concentration of interfacial shear and normal stresses
between the beam and the bonded plate in the vicinity of the plate
end. Thus, many closed-form solutions for these interfacial stresses
have been developed, see the review and the original solution by
Smith and Teng (2001), and more recent contributions by Deng
et al. (2004), De Lorenzis et al. (2006), Stratford and Cadei
(2006), Yang et al. (2008) and Zhang and Teng (2010a). In these
ﬁrst-order solutions, both the shear and normal interfacial stresses
are assumed to be constant across the thickness of the adhesivell rights reserved.
(L. De Lorenzis).layer, which leads to the violation of the shear stress-free condition
at the plate ends. The same approach is employed throughout this
paper. Higher-order solutions can be found elsewhere (e.g. Rabi-
novitch and Frostig, 2000; Shen et al., 2001; Yang et al., 2004).
The aforementioned interfacial stress models constitute the ba-
sis for plate end debonding models adopting stress-based failure
criteria. However, over the past decade, approaches stemming
from the framework of linear elastic fracture mechanics (LEFM)
have been increasingly adopted (Buyukozturk et al., 2004). In this
case, the model assumes a given crack length and estimates the
elastic energy release rate. This is then compared to the fracture
energy of the relevant material or interface, in order to evaluate
the stability of the interfacial crack. Investigations of this type have
been presented by Rabinovitch and Frostig (2000), Rabinovitch
(2004), Au and Buyukozturk (2006), Yang et al. (2006), Greco
et al. (2007), Carpinteri et al. (2009) and De Lorenzis et al.
(2010), among others.
Proposed in the 1960s as an alternative to singularity driven
fracture mechanics, the cohesive zone (CZ) modeling approach
bridges the gap between the stress- and energy-based criteria.
Since then, the CZ model has been widely used to simulate fracture
under static, dynamic, and cyclic loading conditions for a number
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Fig. 1. Simply supported plated beam under a mid-span load.
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normal and shear stresses are non-linearly connected to the nor-
mal (mode-I) and tangential (mode-II) relative displacements
across the interface. As the cohesive interface gradually separates,
the magnitude of the interfacial stress at ﬁrst increases, and then
decreases with increasing separation, ﬁnally approaching zero.
Thus, depending on the level of the interfacial relative displace-
ments, the cohesive interface experiences the entire spectrum of
behavior ranging from perfect bonding to complete separation.
The main advantage of this approach is the implementation of
the crack nucleation and growth mechanisms in a stress analysis
procedure.
Surprisingly little attention has been devoted to CZ modeling of
plate end debonding in plated beams. As a result, the stress-based
and fracture-based approaches referenced earlier have been kept
separate in most studies. CZ formulations were adopted by
Carpinteri et al. (2007) and Rabinovitch (2008), see also the brief
review by De Lorenzis and Zavarise (2009), and more recently by
Fernando et al. (2012) and Teng et al. (in press). However, these
studies were all based on numerical implementations with the ﬁ-
nite element method. With the intention to provide simple predic-
tive tools assisting the development of design rules, De Lorenzis
and Zavarise (2009) presented the ﬁrst closed-form analytical solu-
tion for interfacial stresses in plated beams based on the CZ mod-
eling approach. For the sake of simplicity, only the interfacial shear
stress was considered, and the interfacial normal stress was ne-
glected. Therefore, this model represents an extension beyond
the linear-elastic regime of the early work on plate end interfacial
stresses based on the shear-lag assumption. A closed-form expres-
sion for the plate end debonding load as a function of material,
geometry and cohesive law parameters was derived. A comparison
between the predictions of the CZ and the LEFM modeling ap-
proaches indicated an asymptotic convergence of the CZ results
to the LEFM results when the elastic stiffness and the peak stress
of the CZ model tend to inﬁnity, provided that the fracture energy
of the interface remains constant. Finally, it was shown that the
LEFM predictions can be closely matched to the CZ results in a gen-
eral case by adopting a ﬁctitious extension of the crack length
equal to the size of the softening region of the interface.
In reality, the interfacial layer between the beam and the
bonded plate is subjected to a combination of shear and normal
stresses, and the debonding process is governed by the combined
stress state near the front of the CZ, i.e. at the tip of the debonding
crack. Therefore, a more realistic modeling approach calls for the
adoption of a mixed-mode CZ law capable of accounting for both
stress components and for their combined effect on interfacial
damage (De Lorenzis and Zavarise, 2008). While general numerical
methods to achieve this are already available, as mentioned in the
earlier review, the focus of this work is on analytical tools, which
can assist the development of design rules for incorporation into
codes of practice.
This paper presents a new analytical formulation based on the
CZ modeling approach for the prediction of plate end debonding
in plated beams. A key enhancement with respect to the previously
proposed solution is the use of a coupled mixed-mode CZ model,
which enables a full account of mixed-mode effects at the plate
end. The model describes the evolution of the interface following
the end of the elastic regime, and predicts the value of the load
at incipient debonding. The achievement of a closed-form solution
in this quite complex case entails the introduction of a crucial sim-
plifying assumption as well as the ad hoc modeling of an effective
cohesive interfacial response. The paper presents the analytical
theory and compares its predictions with numerical and, albeit
indirectly, experimental results. For the purpose of these compar-
isons, the chosen examples involve steel beams strengthened with
carbon FRP (CFRP) laminates, an application which has recently re-ceived notable attention (Deng et al., 2004; Deng and Lee, 2007;
Colombi and Poggi, 2006; Bocciarelli, 2009; Linghoff et al., 2009;
Narmashiri et al., 2012; Teng et al., 2012). Another relevant appli-
cation is the strengthening of timber beams with steel or FRP
plates [e.g. see Dourado et al. (2012)]. In these cases, the cohesive
interface physically corresponds to the adhesive layer between the
beam and the strengthening plate, and the CZ model thus repre-
sents the behavior of this layer.2. Modeling assumptions
2.1. Problem deﬁnition
All the analyses in this paper (Sections 3 and 4) consider a sim-
ply supported beam subjected to a point load F at mid-span (Fig. 1).
The beam has a cross-section of width b1 and depth h1. Although
Fig. 1 shows a rectangular cross-section, beams of any cross-
sectional shape with a vertical axis of symmetry are considered
herein. A thin plate of width b2, thickness h2, and length 2l is
bonded to the sofﬁt of the beam by means of a suitable interface
layer. For simplicity, the thickness of this layer, ta, is not depicted
in the ﬁgure. Exploiting the symmetric nature of the problem about
the mid-span, only half of the beam will be studied. The coordinate
x along the beam axis has its origin at the plate end, see Fig. 1.
As the analysis focuses on the plate end debonding process, all
the materials involved in the problem except the interface are
assumed to have a linear elastic behavior; that is, the non-linearity
is concentrated at the interface. The elastic moduli of the beam and
the plate materials are respectively denoted as E1 and E2.2.2. CZ model
At the plate–beam interface, both shear and normal stresses
arise. For simplicity, this interface can be thought of as a layer of
adhesive having constitutive responses under shear and tension
given by cohesive laws of a desired shape. Herein, the mode-I
and mode-II cohesive laws are assumed to be both of a bilinear
shape (see Fig. 2). This shape is able to capture the three character-
istic parameters of the interface, i.e. the fracture energy (area
underneath the curve), the cohesion strength, and the linear elastic
property (slope of the curve in the ascending branch).
For the modelling of mixed-mode conditions, this study adopts
the coupled damage CZ model proposed by Camanho et al. (2003).
This model requires suitable criteria for both the onset of softening
and the propagation of the debonding crack to be established. On
this basis, a single damage variable is deﬁned and controls the evo-
lution of the interface under mixed-mode loading conditions.
Unlike in the study by Camanho et al. (2003), different interfacial
stiffnesses are herein considered for mode-I and mode-II. Only
loading behavior is treated, as the primary interest of the present
study lies in the computation of the debonding load. The following
subsections summarize the basic features of the CZ model, while
full details can be be retrieved from Camanho et al. (2003).
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Fig. 2. Interfacial CZ laws. (a) Mode-II. (b) Mode-I.
L. De Lorenzis et al. / International Journal of Solids and Structures 50 (2013) 2477–2494 24792.2.1. Basic deﬁnitions
Under mixed-mode conditions, coupling is deﬁned through a
total mixed-mode relative displacement, dm, which is related to
the single-mode relative displacements as follows
dm ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2t þ hdni2
q
ð1Þ
where dt and dn are respectively the tangential and normal compo-
nents of the relative displacement across the interface, and the
Macaulay operator implies that negative normal relative displace-
ments are assumed not to generate mixed-mode effects. For
dn > 0, a displacement-based mode-mixity ratio is introduced as
follows
c ¼ dt
dn
ð2Þ
By solving the two preceding equations for dt and dn, the following
relationships are obtained
dt ¼ cdmﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c2
p dn ¼ dmﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c2
p ð3Þ
In the model, the coupled mixed-mode damage behavior is
described through a single scalar damage variable, d, expressed
as a function of the current mixed-mode relative displacement,
dm, and of the mixed-mode relative displacements at the onset of
softening, d0m, and at complete failure, d
f
m. Therefore, prior to the
description of the damage evolution, suitable criteria must be
established for the computation of d0m and d
f
m.
2.2.2. Criterion for the onset of softening in mixed mode
The shear and normal interfacial stresses before the onset of
softening are given by
s ¼ KTdt r ¼ KNdn ð4Þ
where KT and KN are the interfacial stiffnesses in the tangential and
normal directions, respectively (Fig. 2). Under single-mode condi-
tions, the relative displacements at onset of softening are thus given
by
d0t ¼
sp
KT
d0n ¼
rp
KN
ð5Þ
where sp and rp are the peak shear and normal stresses in single
mode, respectively (see also Fig. 2).
It is assumed that the onset of softening under mixed-mode
conditions occurs when a quadratic stress failure criterion is
fulﬁlled, i.e. when
s
sp
 2
þ hri
rp
 2
¼ 1 ð6Þ
where the Macaulay brackets once again imply that normal com-
pressive stresses are not assumed to initiate damage. By substitut-
ing Eqs. (1)–(5) into Eq. (6) the following expression is obtained forthe total mixed-mode relative displacement at the onset of soften-
ing, d0m:
d0m ¼
d0t d
0
n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þc2
d02t þc2d02n
q
if dn > 0
d0t if dn 6 0
8<
: ð7Þ
For dn > 0, the tangential and normal relative displacements at the
onset of mixed-mode softening, d0tm and d
0
nm, are thus easily obtained
through Eq. (3)
d0tm ¼
cd0mﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c2
p d0nm ¼ d0mﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ c2p ð8Þ
and the combination of Eqs. (7) and (8) yields
d0tm ¼ d0t d0n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2
d02t þ c2d02n
s
d0nm ¼ d0t d0n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
d02t þ c2d02n
s
ð9Þ2.2.3. Criterion for propagation of debonding in mixed mode
The energy release rates under mixed-mode critical conditions
can be computed as follows (Fig. 2)
GI ¼ 12KNd
0
nmd
f
nm GII ¼
1
2
KTd
0
tmd
f
tm ð10Þ
where dftm and d
f
nm are the tangential and normal relative displace-
ments at mixed-mode critical conditions. These can be related to
the mixed-mode critical total displacement, dfm, through Eq. (3)
dftm ¼
cdfmﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c2
p dfnm ¼ dfmﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ c2p ð11Þ
Propagation of the debonding crack in mixed mode is assumed
to occur when the following power-law mixed-mode fracture cri-
terion is fulﬁlled
GI
GIC
 a
þ GII
GIIC
 a
¼ 1 ð12Þ
where GIC and GIIC are the mode-I and mode-II fracture energies gi-
ven by
GIC ¼ 12KNd
0
nd
f
n GIIC ¼
1
2
KTd
0
t d
f
t ð13Þ
If Eqs. (10) and (11) are substituted into Eq. (12) and with some
straightforward manipulations the following expression of dfm is ﬁ-
nally obtained
dfm ¼
2 1þ c2 
d0m
KN
GIC
 a
þ c
2KT
GIIC
 a" #1=a
ð14Þ
In the following, a ¼ 1 is always assumed.
Table 1
Numerical example (beam S303-L).
Geometry data
b2 (mm) y1 (mm) y2 (mm) A1 ðmm2Þ A2 ðmm2Þ
76.0 63.5 1.5 1602 228
I1 ðmm4Þ I2 ðmm4Þ ta ðmmÞ l ðmmÞ a ðmmÞ
4588602 171 1.0 150 400
Material and interface data
E1 ðN=mm2Þ sp ðN=mm2Þ d0t ðmmÞ dft ðmmÞ GIIc ðN=mmÞ
205000 26.73 0.0526 0.1197 1.600
E2 ðN=mm2Þ rp ðN=mm2Þ d0n ðmmÞ dfn ðmmÞ GIc ðN=mmÞ
212000 29.70 0.0037 0.0044 0.065
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An instantaneous state of the interface during mixed-mode
loading can be visualized as shown in Fig. 2 (shaded triangle).
Due to the mixed-mode effect, the relative tangential and normal
displacements at the onset of softening (peak interfacial stress)
and at complete debonding (zero interfacial stress) are reduced
with respect to the corresponding single-mode values. It is impor-
tant to note that the shaded bilinear responses are variable in time,
i.e., they vary during loading as damage progresses, and in space,
i.e., they vary from point to point along the interface due to its var-
iable level of damage. In other words, they are instantaneous and
local CZ laws. This aspect notably complicates the analysis with re-
spect to uncoupled CZ approaches, where the CZ law is known a
prioriand can be easily exploited to write the governing differential
equations of the interface in the post-peak state (see De Lorenzis
and Zavarise, 2009). For a given instant of time and location along
the interface, the slopes of the softening branch of the cohesive
laws can be computed as follows (Fig. 2 )
K 0Tm ¼
KTd
0
tm
dftm  d0tm
K 0Nm ¼
KNd
0
nm
dfnm  d0nm
ð15Þ
Through Eqs. (8) and (11) the following relationship can be
obtained:
K 0Tm
KT
¼ K
0
Nm
KN
¼ d
0
m
dfm  d0m
ð16Þ
where d0m and d
f
m are given by Eqs. (7) and (14) as functions of the
mixed-mode ratio c. The following deﬁnition is also introduced
rm ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
K 0Tm
KT
s
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K 0Nm
KN
s
ð17Þ
Fig. 3a illustrates sample variations of the above ratios versus c for
the example summarized in Table 1. It emerges clearly that both
ratios tend to converge to a constant value provided that the
mixed-mode ratio c is sufﬁciently large.
The peak values of the instantaneous local cohesive laws are
given by
spm ¼ KTd0tm ¼ sp
cd0nﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d02t þ c2d02n
q rpm ¼ KNd0nm
¼ rpd0t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
d02t þ c2d02n
s
ð18Þ
Their normalized values spm=sp and rpm=rp are plotted versus c in
Fig. 3b. Note that, as c!1 (pure mode-II conditions), spm ! sp
and rpm ! 0.(a)
Fig. 3. Instantaneous local softening slope ratios (a) and pea2.2.5. Damage evolution
As anticipated, damage evolution will be described through a
single scalar damage variable d, deﬁned as follows
d ¼ d
f
m dm  d0m
 
dm d
f
m  d0m
  ð19Þ
The interfacial stresses are thus deﬁned as
s ¼
KTdt; dm 6 d0m
1 dð ÞKTdt ; d0m < dm < dfm
0 dm P dfm
8><
>: ð20Þ
r ¼
KNdn; dm 6 d0m
1 dð ÞKNdn; d0m < dm < dfm
KN dnh i dm P dfm
8><
>: ð21Þ2.3. Summary of modeling assumptions
The crucial assumptions adopted in developing the proposed
analytical model are summarized below, including assumptions
which are discussed in detail later in the paper:
(i) shear and normal interfacial stresses are assumed to be con-
stant across the thickness of the adhesive layer, which leads
to a ﬁrst-order solution, see Section 3.1;
(ii) the interfacial behavior is represented by the coupled
mixed-mode CZ law by Camanho et al. (2003), as described
in Section 2.2;(b)
k stress ratios (b) as functions of the mixed-mode ratio.
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equation for the interfacial shear stress, the two adherends
(beam and plate) are assumed to have equal curvature, see
Section 3.2;
(iv) in order to enable a closed-form solution for the interfacial
stresses after the onset of softening accounting for mixed-
mode effects, an approximate procedure is introduced
where the interfacial relative displacements computed elas-
tically are assumed to be a suitable ﬁrst-order approxima-
tion of the same displacements in the post-elastic range,
see Section 4.1.
3. Elastic analysis of the interfacial stresses
This section presents an elastic analysis of the interfacial shear
and normal stresses, conducted similarly to Smith and Teng (2001).
This analysis serves as the basis for the subsequent examination of
the interface in the softening state.
3.1. Equilibrium equations
Fig. 4 illustrates a differential element of beam, adhesive, and
bonded plate. The plate is subjected to an axial force N2, a shear
force, V2, and a bending moment, M2, whereas the beam is sub-
jected to an axial force, N1 (taken as positive in compression), a
shear force, V1, and a bending moment, M1. These are all functions
of the coordinate x along the beam axis. The interfacial shear stress,
sðxÞ, and normal stress, rðxÞ, both act at the interfaces between the
beam and the adhesive and between the adhesive and the plate, as
well as on the adhesive layer. In this lower-order solution, the two
interfacial stresses are both assumed to be uniform across the
adhesive thickness.
From Fig. 4, the following equilibrium equations can be easily
found for the adherends:
dN1
dx
¼ sðxÞb2 dN2dx ¼ sðxÞb2 ð22Þ
dV1
dx
¼ rðxÞb2 dV2dx ¼ rðxÞb2 ð23Þ
dM1
dx
¼ V1ðxÞ  sðxÞb2y1
dM2
dx
¼ V2ðxÞ  sðxÞb2y2 ð24ÞFig. 4. Differential element of the plated beam.where y1 and y2 are the distances of the bottom ﬁber of adherend 1
(the beam) and the top ﬁber of adherend 2 (the plate) from their
respective centroids. Moreover, moment equilibrium of the plated
beam gives
dM
dx
¼ VðxÞ ð25Þ
where M xð Þ and VðxÞ are respectively the bending moment and
shear force acting on the cross-section of the plated beam at the
coordinate x. The moment can be computed as
M ¼ M1 þM2 þ N1 y1 þ
ta
2
 yg
 
þ N2 y2 þ
ta
2
þ yg
 
ð26Þ
with yg as the distance of the centroid of the plated cross-section
from the mid-adhesive axis.
For the simple statically determinate problem in Fig. 1,
N xð Þ ¼ 0 V xð Þ ¼ F
2
M xð Þ ¼ F
2
x ð27Þ
where N xð Þ is the total axial force acting at the cross-section at x.
Note that, being from equilibrium N ¼ N1  N2, Eq. (27) gives
N1 ¼ N2, hence Eq. (26) becomes
M ¼ M1 þM2 þ N1 y1 þ y2 þ tað Þ ð28Þ3.2. Shear stresses
At small loads, the whole length of the interface is in an elastic
state, and experiences no softening or debonding. The interfacial
behavior in the tangential direction is thus described by the ﬁrst
branch of the corresponding cohesive law, i.e. by Eq. (20a), where
dt ¼ u2  u1 ð29Þ
with u1 and u2 being the horizontal components of the displace-
ments of, respectively, the bottom ﬁber of the beam and the top
ﬁber of the plate. Thus Eq. (20a) can also be written as
seðxÞ ¼ KT u2ðxÞ  u1ðxÞ½  ð30Þ
where the subscript ‘‘e’’ has been introduced to refer to the elastic
stage. Note that
KT ¼ Gata ð31Þ
where Ga is the shear modulus of the adhesive. The ﬁrst and second
derivatives of Eq. (30) yield
dse
dx
¼ KT du2dx 
du1
dx
	 

ð32Þ
d2se
dx2
¼ KT d
2u2
dx2
 d
2u1
dx2
" #
ð33Þ
Denoted as e1 and e2, respectively, the strains of the bottom ﬁber of
the beam and of the top ﬁber of the plate, the following relation-
ships hold
e1ðxÞ ¼ du1dx ¼
y1
E1I1
M1ðxÞ  1E1A1 N1ðxÞ ð34Þ
e2ðxÞ ¼ du2dx ¼ 
y2
E2I2
M2ðxÞ þ 1E2A2 N2ðxÞ ð35Þ
If the ﬁrst derivatives of Eqs. (34) and (35) are substituted into Eq.
(33), the following equation results
d2se
dx2
¼ KT  y2E2I2
dM2
dx
þ 1
E2A2
dN2
dx
 y1
E1I1
dM1
dx
þ 1
E1A1
dN1
dx
	 

ð36Þ
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dN2
dx from Eq. (22a,b)
can now be substituted. For dM1dx and
dM2
dx , approximate expressions
are used hereafter according to the previous work by Smith and
Teng (2001). Namely, the two adherends are assumed to have the
same curvature, i.e.
M1 ¼ RM2 R ¼ E1I1E2I2 ð37Þ
This basic assumption is of course approximate, as equal curvature
would imply perfect bond between the two adherends under
bending actions. However, it allows the obtainment of uncoupled
differential equations of relatively low order for the interfacial
stresses, and its results have been extensively validated by com-
parison with those from other analytical theories or ﬁnite element
analyses in a large number of previous works (see e.g. Smith and
Teng, 2001; De Lorenzis et al., 2006; Zhang and Teng, 2010a). Eq.
(37) combined with Eq. (28) gives
M ¼ Rþ 1
R
M1 þ N1ðy1 þ y2 þ taÞ ð38Þ
By differentiating the above equation and considering Eqs. (25),
(22a), and again (37), the following expressions result
dM1
dx
¼ R
Rþ 1VðxÞ 
R
Rþ 1 b2ðy1 þ y2 þ taÞsðxÞ ð39Þ
dM2
dx
¼ 1
Rþ 1VðxÞ 
1
Rþ 1 b2ðy1 þ y2 þ taÞsðxÞ ð40Þ
Substitution of Eqs. (22a,b), (39) and (40) into Eq. (36) yields the fol-
lowing differential equation
d2se
dx2
 k2seðxÞ þm1k2 F2 ¼ 0 ð41Þ
where
k2 ¼ KT 1E1A1 þ
1
E2A2
þ y1 þ y2ð Þ y1 þ y2 þ tað Þ
E1I1 þ E2I2
	 

ð42Þ
and
m1 ¼ KT y1 þ y2ð Þ
k2 E1I1 þ E2I2ð Þ
ð43Þ
with KT ¼ KTb2. Note that the known expression of V xð Þ in Eq. (27b)
has been introduced.
The general solution of Eq. (41) and its ﬁrst derivative are given
by
seðxÞ ¼ B1coshkxþ B2sinhkxþm1 F2 ð44Þ
dse
dx
¼ B1ksinhkxþ B2kcoshkx ð45Þ
Two boundary conditions are needed to determine the un-
known constants B1 and B2. The ﬁrst condition, stemming from
symmetry, is that the shear stress has to be zero on the symmetry
axis, i.e.
seðlÞ ¼ 0 ð46Þ
The second one is easily found considering that, for x ¼ 0, it is
N1 ¼ N2 ¼ 0;M2 ¼ 0 and M1 ¼ M ¼ Fa=2; a being the distance be-
tween the support and the plate end (Fig. 1). Therefore, Eqs. (32),
(34) and (35) yield
dse
dx
ð0Þ ¼ m2 Fa2 ð47Þwhere
m2 ¼ KTy1E1I1 ð48Þ
Eqs. (46) and (47) lead to B1 ¼ F~B1 and B2 ¼ F~B2, with
~B1 ¼ 12
m2a
k
tanhkl m1
coshkl
h i
~B2 ¼ 12
m2a
k
ð49Þ
so that Eq. (44) can be normalized with respect to the applied load F
as
~seðxÞ ¼ ~B1coshkxþ ~B2sinhkxþm12 ð50Þ
with se xð Þ ¼ F~se xð Þ. The maximum shear stress is reached at the
plate end, and can be expressed as follows
se;max ¼ F~se 0ð Þ ¼ F ~B1 þm12
 
ð51Þ
The maximum shear relative displacement is also reached at x ¼ 0,
and is readily obtained as
dte;max ¼ dte 0ð Þ ¼ FKT
~se 0ð Þ ¼ FKT
~B1 þm12
 
ð52Þ
where once again the subscript ‘‘e’’ refers to elastic conditions. As a
result, se can be ﬁnally expressed as
seðxÞ ¼ KTdte;max
~B1 þ m12
  ~B1coshkxþ ~B2sinhkxþm12
 
ð53Þ
The interfacial tangential relative displacement along the interface
follows immediately as
dteðxÞ ¼ dte;max
~B1 þ m12
  ~B1coshkxþ ~B2sinhkxþm12
 
ð54Þ
Fig. 5a illustrates the variation of the normalized stress se xð Þ=sp
along the interface for the numerical example in Table 1. As men-
tioned earlier, the violation of the shear stress-free condition at
the end of the plate is a direct consequence of the assumption of
constant shear stress across the thickness of the adhesive layer,
and is common to all ﬁrst-order analytical solutions as well as to
numerical models which share this fundamental assumption
(Zhang and Teng, 2010b).
3.3. Normal stresses
In the elastic range, the interfacial behavior in the normal direc-
tion is described by the ﬁrst branch of the respective cohesive law,
i.e. by Eq. (21a) with
dn ¼ v2  v1 ð55Þ
v1 and v2 being the vertical components of the displacements of,
respectively, the bottom ﬁber of the beam and the top ﬁber of the
plate. Thus Eq. (21a) can also be written as
reðxÞ ¼ KN½v2ðxÞ  v1ðxÞ ð56Þ
where once again the subscript ‘‘e’’ refers to the elastic stage. In this
case it is
KN ¼ Eata ð57Þ
with Ea as the Young’s modulus of the adhesive. Neglecting shear
deformations, the following equations hold
Fig. 5. Normalized interfacial stresses s=sp and r=rp along the plate mid-width from analytical and FE models (beam S303-L). (a) F ¼ F1 ¼ 89:5 kN (elastic stage).
(b) F ¼ F2 ¼ 121 kN (E-S stage, x ¼ 2:4 mm). (c) F ¼ F3 ¼ 136:7 kN (E-S stage, x ¼ 8:4 mm).
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dx2
¼  1
E1I1
M1 xð Þ d
2v2
dx2
¼  1
E2I2
M2 xð Þ ð58Þ
so that the second derivative of Eq. (56) reads
d2re
dx2
¼ KN M1E1I1 
M2
E2I2
	 

ð59Þ
Further differentiation of Eq. (58), considering also Eq. (24a,b), leads
to
d3v1
dx3
¼  1
E1I1
dM1
dx
¼  1
E1I1
½V1ðxÞ  seðxÞb2y1 ð60Þ
d3v2
dx3
¼  1
E2I2
dM2
dx
¼  1
E2I2
½V2ðxÞ  seðxÞb2y2 ð61Þ
hence the third derivative of Eq. (56) becomes
d3re
dx3
¼ KN 1E1I1 ½V1ðxÞ  seðxÞb2y1 
1
E2I2
½V2ðxÞ  seðxÞb2y2
 
ð62Þ
Finally, due to Eq. (23a,b), the derivatives of Eqs. (60) and (61) can
be expressed as
d4v1
dx4
¼  1
E1I1
dV1
dx
 dse
dx
b2y1
	 

¼ b2
E1I1
reðxÞ þ dsedx y1
	 

ð63Þ
d4v2
dx4
¼  1
E2I2
dV2
dx
 dse
dx
b2y2
	 

¼ b2
E2I2
reðxÞ þ dsedx y2
	 

ð64Þ
Substitution of Eqs. (63) and (64) into the fourth derivative of Eq.
(56) yieldsd4re
dx4
þ 4b4re xð Þ ¼ n3 dsedx ð65Þ
with
4b4 ¼ KN 1E1I1 þ
1
E2I2
	 

ð66Þ
n3 ¼ KN y1E1I1 
y2
E2I2
	 

ð67Þ
The general solution of Eq. (65) is given by
reðxÞ ¼ ebx½C1cosbxþ C2sinbx þ ebx½C3cosbxþ C4sinbx  n1 dsedx
ð68Þ
where
n1 ¼ n3
4b4
¼ y1E2I2  y2E1I1
E1I1 þ E2I2 ð69Þ
In deriving Eq. (68) it has been assumed that d5se=dx5 can be
neglected, as was done by Smith and Teng (2001). By noting that
the normal stress is expected to vanish for x!1, the constants
C3 and C4 can be eliminated and the following simpler form of
the general solution ensues
re xð Þ ¼ ebx½C1cosbxþ C2sinbx  n1 dsedx ð70Þ
Two boundary conditions are thus needed also in this case to
determine C1 and C2, which, at x ¼ 0, are M2 ¼ 0 and
M1 ¼ M ¼ Fa=2. As a result, Eq. (59) gives
Fig. 6. Mixed-mode ratio along the interface during the elastic stage.
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dx2
ð0Þ ¼ KN
E1I1
Fa
2
ð71Þ
Similarly, at x ¼ 0;V2 ¼ 0 and V1 ¼ V ¼ F=2, and Eq. (62) gives
d3re
dx3
ð0Þ ¼ KN
E1I1
F
2
 n3seð0Þ ð72Þ
From Eqs. (71) and (72) the constants C1 and C2 are determined
as C1 ¼ F~C1 and C2 ¼ F~C2, with
~C1 ¼ KNE1I1
ð1þ baÞ
4b3
þ n1k
3
2b2
k
b
~B1 þ ~B2
 
 n3
2b3
~B1 þm12
 
ð73Þ
~C2 ¼  KNE1I1
a
4b2
 n1k
3
2b2
~B2 ð74Þ
so that Eq. (70) can be normalized with respect to the applied load F
as
~re xð Þ ¼ ebx ~C1cosbxþ ~C2sinbx
h i
 n1 d
~se
dx
ð75Þ
with re xð Þ ¼ F ~re xð Þ and d~sedx ¼ k ~B1senhkxþ ~B2coshkx
 
. The maxi-
mum normal tensile stress is reached at the plate end, and can be
expressed as follows
re;max ¼ F ~re 0ð Þ ¼ F ~C1  n1k~B2
 
ð76Þ
The maximum normal relative displacement, reached at the same
location, is
dne;max ¼ FKN
~re 0ð Þ ¼ FKN
~C1  n1k~B2
 
ð77Þ
The normal stress re can be ﬁnally expressed as
reðxÞ ¼ KNdne;max
~C1  n1k~B2
  ebx ~C1cosbxþ ~C2sinbx h
n1k ~B1senhkxþ ~B2coshkx
 i
ð78Þ
and the interfacial normal relative displacement along the interface
follows as
dneðxÞ ¼ dne;max
~C1  n1k~B2
  ebx ~C1cosbxþ ~C2sinbx h
n1k ~B1senhkxþ ~B2coshkx
 i
ð79Þ
Fig. 5a illustrates the normalized stress re xð Þ=rp along the interface
for the numerical example in Table 1. Recalling the deﬁnition in Eq.
(2), the mixed-mode ratio along the interface at the elastic stage for
dne > 0 is given by
ce xð Þ ¼
KN
KT
~B1coshkxþ ~B2sinhkxþ m12
 
ebx ~C1cosbxþ ~C2sinbx
 
 n1k ~B1senhkxþ ~B2coshkx
 h i
ð80Þ
and is illustrated in Fig. 6. Note that ce tends to inﬁnity (i.e. to pure
mode -II conditions) at the location where the interfacial normal
stress becomes zero, i.e. at the transition point between tensile
(peeling) and compressive normal stresses. Its minimum value, i.e.
the most important contribution of mode-I is reached at the plate
end, i.e.
ce;min ¼ ce 0ð Þ ¼
KN
KT
~B1 þ m12
 
~C1  n1k~B2
h i ¼ dte;max
dne;max
ð81Þ3.4. End of the elastic stage
The interface is entirely elastic until the maximum shear and
normal interfacial stresses in Eqs. (51) and (76) fulﬁl the softening
initiation criterion of Eq. (6), from which the load at the onset of
softening can be easily computed as follows
Fos ¼
~C1  n1k~B2
rp
 !2
þ
~B1 þ m12
sp
 !224
3
5
12
ð82Þ
as a function of geometry and material parameters. Note that the
Macaulay brackets in Eq. (6) are not needed in this case, as the max-
imum normal interfacial stress is always tensile.
4. Interfacial stresses after the onset of softening
4.1. Approximate procedure
Once the interfacial stresses reach the boundary of the elastic
domain given by Eq. (6) at x ¼ 0, softening of the interface starts
at the plate end. As loading progresses, an increasingly long portion
of the interface closest to the plate end enters the softening state,
while the rest remains in the elastic state. Hereafter, the stage in
which the interface is partly elastic and partly softening is indi-
cated as elastic-softening (E-S) stage. The length of the softening
zone is denoted as x.
Along the softening region (i.e. for 0 6 x 6 x), the interface
undergoes a variable level of damage. Accordingly, the relationship
between relative displacements and interfacial stresses varies with
x as already noted in Section 2.2.4. This relationship is given by Eqs.
(20) and (21), where the damage variable d is deﬁned as in Eq. (19),
and depends on the total mixed-mode relative displacement dm
(given by Eq. (1)) and on the mixed-mode ratio c. The latter is in
turn a function of the unknown relative displacements, see Eq.
(2). To sum up, the variation with x of the relation between relative
displacements and interfacial stresses is so involved that a closed-
form solution of the differential equations governing the interfacial
problem in the coupled mixed-mode case appears unfeasible.
As follows, a basic assumption is introduced to facilitate the
obtainment of a closed-form solution for the problem. The conse-
quent methodology is termed ‘‘the approximate procedure’’, as op-
posed to the direct obtainment of a solution to the governing
differential equations, which is termed as ‘‘the exact procedure’’
henceforth. The basic assumption and the approximate procedure
are outlined as follows.
For F 6 Fos or, equivalently, for dte;max 6 d0tm and dne;max 6 d
0
nm, the
elastic analysis described in Section 3 immediately yields the
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along the interface. However, for dte;max > d0tm and/or dne;max > d
0
nm
the elastic analysis obviously leads to incorrect interfacial stresses
which overshoot the limits imposed by the cohesive interface laws.
Hereafter, it is assumed that the interfacial relative displacements
resulting from the elastic analysis are a good approximation of
the interfacial relative displacements beyond the elastic limit, i.e.
in the inelastic (softening) regime. These elastic displacements
are thus used as the basis to compute the interfacial stresses using
the CZ laws in the appropriate branches (elastic or softening). The
adoption of this procedure was inspired by the elastic predictor -
plastic corrector scheme regularly used in plasticity numerical set-
tings: there the solution is ﬁrst let to overshoot the plastic bound-
ary by assuming elastic behavior, and subsequently a correction is
applied to the stresses wherever they exceed the imposed limit. In
other words, the proposed procedure corresponds to neglecting the
effect that the plastic correction to the interfacial stresses bears on
the interfacial relative displacements, thus delivering what can be
considered a ﬁrst-order approximation.
On the basis of the preceding simplifying assumption, the
approximate procedure consists of the following steps:
 the variable which controls the evolution of the interface is
either dte;max or dne;max. If, say, dte;max is chosen, this is gradually
increased and the corresponding value of dne;max is computed
from Eq. (81). For each value of dte;max the length of the softening
region, x, can also be estimated (more details on this are pro-
vided later);
 Eqs. (54) and (79), obtained from the elastic analysis described
in Section 3, are applied to determine the interfacial relative
displacements, i.e. dt xð Þ  dte xð Þ and dn xð Þ  dne xð Þ;
 based on the displacement distributions along the interface, the
total mixed-mode relative displacement dm (duly accounting for
the Macaulay brackets as per Eq. (1)), the mixed-mode ratio c
and consequently the damage variable as well as the interfacial
stresses can all be computed as functions of x;
 at this point, the only missing information is the external load
that corresponds to the interfacial state of stress. In the elastic
stage, the load is obtained from Eq. (52) or equivalently (77).
In the E-S stage, the load is computed based on a non-linear
relationship between x and F which can be obtained as later
explained in Section 4.3.2.
Note that the elastic-softening-debonding (E-S-D) stage is not
treated herein, as the primary interest lies in the computation of
the maximum load sustainable by the interface and this is reached
during or at the end of the E-S stage (De Lorenzis and Zavarise,
2009).4.2. Validation of the approximate procedure for the pure mode-II case
In the Appendix, the use of the approximate procedure is vali-
dated for the pure mode-II case, for which a closed-form solution
is already available (De Lorenzis and Zavarise, 2009). The Appendix
ﬁrst reviews the latter closed-form solution, which also serves as
the basis for the subsequent application of the present approxi-
mate procedure to the mixed-mode case. Subsequently, a compar-
ison between interfacial shear stresses evaluated with the exact
and the approximate procedures is presented.
Note that the solution illustrated in the Appendix is slightly dif-
ferent from the one ﬁrst developed in De Lorenzis and Zavarise
(2009), as the latter started from equilibrium equations where
the presence of interfacial normal stresses as well as shear forces
and bending moments in the plate was neglected.4.3. Application to the mixed-mode case
4.3.1. Computation of the interfacial stresses
Herein, the approximate procedure outlined earlier is applied to
the mixed-mode case for the computation of interfacial stresses
during the E-S stage. Fig. 5b-c illustrate the results for the numer-
ical example in Table 1. The normalized interfacial stresses s xð Þ=sp
and r xð Þ=rp are shown along the interface for two different lengths
of the softening region x. The approximate procedure is applied as
follows:
 dte;max is chosen and the corresponding value of dne;max is com-
puted from Eq. (81). The value of x is then computed by substi-
tuting Eqs. (53) and (78) into the criterion for the onset of
softening Eq. (6), i.e. by solving the implicit non-linear equationKTdte;max
sp ~B1 þ m12
  ~B1coshkxþ ~B2sinhkxþm12
 24
3
5
2
þ KNdne;max
rp ~C1  n1k~B2
  ebx ~C1cosbxþ ~C2sinbx h
8<
:
n1k ~B1senhkxþ ~B2coshkx
 io2
¼ 1 ð83Þ
 Eqs. (54) and (79), obtained from the elastic analysis described
in Section 3, are applied to determine the interfacial relative
displacements, i.e. dt xð Þ  dte xð Þ and dn xð Þ  dne xð Þ;
 based on the displacement distributions along the interface, the
total displacement can be evaluated from Eq. (1), the mixed-
mode ratio from Eq. (2), and then d0m and d
f
m from Eqs. (7) and
(14), respectively. Finally, the damage variable and conse-
quently the interfacial stresses can be computed from Eqs.
(19)–(21) as functions of x.
At the beginning of the E-S stage (Fig. 5b), both the shear and
normal interfacial stresses display an abrupt decrease at the plate
end. As loading progresses, the peak of the shear stress increases
and that of the normal stresses decreases. At a sufﬁciently ad-
vanced stage of loading, the peak of the normal stress further
decreases and the peak of the shear stress falls within the region
where the normal stress is compressive and damage is only in-
duced by the shear stress, therefore the normalized peak of the
shear stress reaches unity (Fig. 5c). At the end of the E-S stage, both
interfacial stresses vanish at the plate end. A further increase of
dte;max would cause the interface to enter the E-S-D stage, whereby
the region closest to the plate end will achieve full separation from
the beam. As mentioned earlier, this stage is not treated herein.
Fig. 7 illustrates the distributions of the damage variable along
the interface corresponding to the stages of loading shown previ-
ously. Obviously, the damage variable is only non-zero in the soft-
ening portion of the interface. Its trend is close to linearity at the
beginning of the E-S stage and becomes increasingly non-linear
as loading progresses. The curve corresponding to F ¼ F3 displays
an evident change in slope at the location where the normal stress
changes sign and damage starts to depend solely on the shear
stress.
Finally, Fig. 8 shows the effective CZ laws, i.e. the effective rela-
tionships between interfacial stresses and relative displacements
along the interface at the different stages of loading. The single-
mode laws are also shown for comparison. Fig. 8a shows that the
effective cohesive behavior in the tangential direction is obviously
linear during the elastic stage (F ¼ F1), is close to being bilinear at
Fig. 7. Damage variable along the interface.
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ingly non-linear as loading progresses (F ¼ F3). In all cases,
however, the effective relationship follows a large portion of the
initial elastic branch, and then a second ‘‘effective’’ softening
branch with a distinct decreasing slope. This ‘‘effective’’ softening
branch is analyzed in detail in Section 4.3.2. Conversely, the effec-
tive cohesive behavior in the normal direction is highly non-linear
at all stages of loading (Fig. 8b), showing an almost parabolic shape
with a decreasing peak as loading progresses. The information
delivered by Fig. 8 is used next to develop a procedure to compute
the load levels corresponding to the stages shown in the preceding
ﬁgures.
4.3.2. Computation of the load level
The only missing piece of information are the levels of load cor-
responding to the stages illustrated in Figs. 5, 7 and 8. More gener-
ally, a procedure is needed to compute the load corresponding to
each given value of dte;max. For this purpose, two key observations
can be made:
 if the effective CZ laws in the tangential and normal directions
were functions known a priori, they could be used to derive
and solve the governing differential equations for the interfacial
stresses in the E-S stage, as done in Section A.1 for interfacial
shear stresses;
 in Section A.1, the relationship between x and the applied load F
is found by applying a boundary condition involving the inter-
facial shear stress. In the mixed-mode case, if the effective CZ(a) (
Fig. 8. Effective CZ laws. (alaw in the tangential direction were a bilinear function known
a priori, the same boundary condition would still hold. In other
words, Eqs. (A.22) and (A.23) would be still valid under a mixed-
mode condition. The presence of interfacial normal stresses
would only affect the parameters k0,m02, and r, which are related
to the slope of the softening branch of the tangential cohesive
law.
Fig. 9 shows a schematic of the effective tangential CZ law for the
mixed-mode case. The softening branch should now be analysed
more carefully. This branch is bounded by points A and B, which
represent the state of the interface respectively at x ¼ x (incipient
damage) and x ¼ 0 (highest level of damage). Accordingly, their
coordinates can be determined as shown and, under the assump-
tion that the softening branch is approximately linear, the slope
of segment AB can be easily computed as
K 0Teff ¼ KT
1 ½1 dð0Þ dt 0ð Þdt xð Þ
dt 0ð Þ
dt xð Þ  1
ð84Þ
In Fig. 10, two dashed lines are also shown, whose slopes are the
values of the mixed-mode instantaneous softening slope K 0Tm for
x ¼ 0 and x ¼ x. They can be considered as a lower and an upper
bound of the effective cohesive response, as they stem respectively
from the states of the interface at the most damaged (x ¼ 0) and at
the least damaged (x ¼ x) locations. The variation of the slope be-
tween the lower and the upper bounds is quite small. As visible
in Fig. 6, for this example c 0ð Þ ¼ cmin is slightly larger than 20,
which means that the softening slope ratio K 0Tm=KT has almost con-
verged to a constant value (Fig. 3a). However, a larger variation can
be observed between the peak stresses, as they achieve conver-
gence for larger values of c (Fig. 3b).
Fig. 10 illustrates the determination of the effective bilinear tan-
gential cohesive response for the loading stages considered in the
preceding subsection. As the load increases, the softening branch
of the effective cohesive response deviates increasingly from line-
arity. However, the linear approximation may still be deemed
acceptable even for the last load level, which is close to the end
of the E-S stage. Note that the upper bound response for F ¼ F3
collapses to the pure mode-II cohesive law. The reason is that in
this case the normal stress for x ¼ x is compressive (as already ob-
served earlier from the stress distributions), hence the local
response is the same that would be expected for a pure mode-II
condition.
Based on the above effective tangential cohesive law, the ap-
plied load corresponding to any given softening length x can be
computed by exploiting earlier results, as followsb)
) Mode-II. (b) Mode-I.
Fig. 9. Effective tangential CZ law under mixed-mode conditions.
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where
sp;eff ¼ KTdte xð Þ 6 sp ð86Þ
feff ðxÞ ¼ tank0effxþ reff cotgh k l xð Þ½ 
  m1sink0effxþ m02eff ak0eff
coskeff x
0
B@
,
þm1reff cosh k l
xð Þ½   1
sinh k l xð Þ½ 

ð87Þ
and
k02eff ¼
K 0Teff
KT
k2 m02eff ¼
K 0Teff y1
E1I1
reff ¼
k0eff
k
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K 0Teff
KT
s
ð88Þ
Fig. 11 illustrates the load computed with the proposed procedure
as a function of x. For comparison, the load computed with the
upper and the lower bounds of the cohesive responses, as well as
the load predicted based on the mode-II assumption are also shown.
The upper bound curve collapses to the mode-II curve as soon as the
shear stress peak moves to the region of compressive normal stres-
ses, as in this case the upper-bound local response coincides with
that of the single mode-II response. The curve obtained from the
proposed approach, based on a mixed-mode coupled CZ model, lies
well below the curve obtained without considering the effect of the
interfacial normal stress. Moreover, the value of x for which the E-S
stage ends is much lower in the coupled case than it would be under
a pure mode-II condition.(a)
Fig. 10. Evaluation of K 0Tm .5. Comparison with numerical results
In this section, the predictions of the analytical model are com-
pared with those of three-dimensional ﬁnite element (FE) compu-
tations implementing the same mixed-mode CZ law.
Fernando (2010) (see also Teng et al., in press) presented de-
tailed FE models of steel beams ﬂexurally-strengthened with CFRP
for both intermediate debonding failures and plate end debonding
failures, using the same mixed-mode CZ law as employed in this
paper. The FE predictions of plate end debonding failures were
compared by them with the experimental results of Deng and
Lee (2007). An excellent agreement was found, conﬁrming the
applicability of this mixed-mode CZ law for predictive purposes
in the case under examination.
As the beams tested in Deng and Lee (2007) displayed non-lin-
ear material behavior in the steel beam, they were not suitable for
direct comparison with the present analytical results. Therefore
the strategy adopted in this study was to re-run the FE simulations
presented in Fernando (2010) assuming linear material behavior
for the steel beam and compare their results with the analytical
predictions. In this way, the latter are validated by direct compar-
ison with the FE results for linear steel beammodels. In turn, the FE
results had been validated by Fernando (2010) by direct compari-
son with experiments for the non-linear steel beam models. This
comparison is deemed to be an indirect but reliable validation of
the analytical model with the test results.
Beside enabling this indirect experimental validation, the com-
parison between analytical and numerical results is needed to
evaluate whether the two simplifying assumptions introduced in
the analytical model but not shared by the numerical formulation
[assumptions (iii) and (iv) given in Section 2.3] yield reasonable re-
sults; see Section 5.1.3 for details.5.1. FE modeling of CFRP-strengthened steel I-beams
5.1.1. Specimen details
Two CFRP-strengthened specimens tested by Deng and Lee
(2007) and failed by plate end debonding were selected for com-
parison with the analytical results. In the original paper by Deng
and Lee (2007), these two beams are referred to as specimens
S303 and S304, with the last digit referring to the length of the
CFRP plate (i.e. S303 had 2l ¼ 300 mm and S304 had 2l ¼ 400
mm). Both beams had a total length of 1.2 m, a net span between
the supports of 1.1 m, a cross-section of type 127x76UB13, and
were subjected to three-point bending as shown in Fig. 1. The
beam material was Grade 275 steel, having a nominal yield(b)
(a) F ¼ F2. (b) F ¼ F3.
Fig. 11. Evolution of load with the size of softening region.
Table 2
Summary of FE and analytical models.
Specimen/ Model
name
Beam material
behavior
Intermediate
stiffener
2l(mm) a(mm)
S303-L Linear none 300 400
S304-L Linear none 400 350
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CFRP plates had a thickness of 3 mm, a width of 76 mm, and an
elastic modulus in the ﬁbre direction of 212 GPa. To avoid prema-
ture ﬂange buckling and web crushing, two 4 mm thick steel plate
stiffeners were welded to each beam at the mid-span, one on each
side of the web. Further details can be retrieved from the original
paper by Deng and Lee (2007).5.1.2. FE models
Two different FE models for the two CFRP-strengthened beams
were considered (Table 2). The models (termed S303-L and S304-L)
assumed linear-elastic steel properties and had no intermediate
stiffeners. They were thus suitable for assessment of the analytical
model.
The FE model is only brieﬂy outlined herein, as full details can
be found in Fernando (2010) and Teng et al. (in press). The model
was set up in the general-purpose FE code ABAQUS within a three-
dimensional setting, using the shell element S4R with reduced
integration for both the steel section and the CFRP plate, and the
cohesive interface element COHD8 for the adhesive layer. Based
on a mesh convergence study, 2.5 mm  2.5 mm elements were
selected for the steel section and the CFRP plate, while
2.5 mm  2.5 mm  1 mm elements (1 mm in the thickness direc-
tion) were used to discretize the adhesive layer.
Steel was treated as a linear elastic isotropic material, with an
elastic modulus of 205 GPa and a Poisson’s ratio of 0.3. The CFRP
plate was treated as an orthotropic material. In the ﬁbre direction,
the elastic modulus reported by Deng and Lee (2007) was adopted
(i.e. E32 ¼ 212 GPa based on a nominal thickness of 3 mm). For the
elastic modulus in the other two directions, the Poisson’s ratios
and the shear moduli, the values reported in Deng et al. (2004)
were also adopted: E12 ¼ E22 ¼ 10 GPa, m122 ¼ 0:3, m132 ¼ m232 ¼
0:0058, G122 ¼ 3:7 GPa and G132 ¼ G232 ¼ 26:5 GPa. The interface ele-
ment was implemented with the coupled CZ model by Camanho
et al. (2003) presented in Section 2.2, with the parameters reported
in Table 1. These parameters were derived based on the properties
of the adhesive layer as explained in detail by Fernando (2010).
Note that similar values of the mode-II fracture energy GIIC werereported by previous researchers studying steel-FRP bonded joints
(Xia and Teng, 2005; Akbar et al., 2010).
Note that elastic material properties, geometry data and cohe-
sive properties of the interface for the present FE models are the
same as those of the numerical example used in earlier sections
and are summarized in Table 1. The only variable data between dif-
ferent models are l and a, see also Table 2.
5.1.3. Basic assumptions of FE vs. analytical models
The FE and the analytical models compared in this section share
the ﬁrst two fundamental assumptions listed in Section 2.3,
namely: (i) the shear and normal interfacial stresses are constant
across the thickness of the adhesive layer; (ii) the interfacial
behavior is represented by the coupled mixed-mode CZ law by
Camanho et al. (2003). In particular, due to assumption (i) the FE
model also violates the shear stress-free condition at the plate
ends.
As listed in Section 2.3 and discussed earlier, two additional
simplifying assumptions were introduced into the analytical model
in order to achieve a reasonable level of simplicity, namely: (iii) the
two adherends have equal curvature; (iv) the elastic interfacial rel-
ative displacements are taken as a ﬁrst-order approximation of the
same displacements in the post-elastic regime. Obviously, neither
of these two assumptions are present in the numerical model.
Therefore, the analytical–numerical comparison not only provides
an indirect experimental veriﬁcation as highlighted earlier but also
enables an evaluation of the effects of these two assumptions. A
satisfactory correlation between the analytical and the numerical
results would imply that assumptions (iii) and (iv) lead to reason-
able predictions despite the seemingly crude simpliﬁcations they
introduce.
5.2. Results
5.2.1. Load vs. mid-span deﬂection
The load vs mid-span deﬂection curves for specimens S303-L,
S304-L and the unstrengthened steel beam with linear elastic
behavior are shown in Fig. 12. Due to the stiffening effect of the
CFRP plate, the two strengthened beams showed a slightly higher
initial stiffness than the plain beam. As the plate–beam interface
entered the softening stage and then the debonding stage, the stiff-
ness gradually decreased and the load–deﬂection curve converged
to that of the plain beam after complete detachment of the plate.
The behavior of beam S304-L is similar to that of S303-L. However,
as a result of the larger plate length, the initiation of interfacial
softening and debonding at the plate end and the corresponding
stiffness degradation of the load–displacement curve were
delayed. In a real beam, plate end debonding is expected to occur
more abruptly and to display a local decrease in load due to dy-
namic effects. A typical deformed shape from an FE model at plate
end debonding failure is given in Fig. 13.
5.2.2. Interfacial stresses
Unlike the analytical solution, the three-dimensional FE model
produces interfacial stresses that vary not only along the length
but also across the width of the beam. Representative contour plots
of the interfacial stresses from the S303-L FE model are shown in
Fig. 14 at two load levels within the elastic stage (89.5 kN) and dur-
ing the E-S stage (136.7 kN). The variation of the interfacial shear
stress across the width is visible but limited (Fig. 14a-b). The
longitudinal distribution of these stresses maintains a similar
pattern across the beam width, but the size of the region featuring
signiﬁcant stresses close to the plate end is slightly larger on the
plate mid-width than on the sides of the beam, due to the presence
of the web. The normal stress distribution is approximately uni-
form across the width (Fig. 14c,d). For the purpose of comparing
Fig. 12. Load vs. mid-span deﬂection for plain and CFRP plated steel beams.
Fig. 13. Typical deformed shape of a steel beam at plate end debonding failure.
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the interfacial stresses at the mid-width of the beam, and at a dis-
tance of 5 mm from the side respectively (the curves are labeled as
‘‘mid-width’’ and ‘‘side’’ in the subsequent ﬁgures, respectively).
The interfacial stresses from the FE model and the analytical
model are compared in Figs. 5 and 15 for beams S303-L and
S304-L, respectively. The loads at the onset of interfacial softening
predicted by the analytical model for the two beams are 98.0 kN
and 110.7 kN, respectively. The comparison is performed at differ-
ent load levels within the analytically predicted elastic stage andFig. 14. Interfacial stresses for S303-L. (a) F ¼ F1, shear. (bduring the subsequent E-S stage. During the elastic stage, a very
close agreement is found between the analytical and the FE results
(Figs. 5a and 15a). The analytical distribution of the shear stress is
found to lie between the FE curves pertaining to the mid-width and
the side of the beam. This indicates that the analytical model
succeeds in delivering an approximately average prediction of
the interfacial behavior across the width of the beam in this
three-dimensional case. As loading progresses and the interface
enters the E-S stage, the agreement between analytical and numer-
ical results remains quite satisfactory (5b and 15b). The trend of
both sets of data indicates an increase of the maximum shear stress
and a simultaneous decrease of the maximum normal stress, as
dictated by the mixed-mode failure criterion. At an advanced E-S
stage, as noted earlier for the analytical results, the peak of the
shear stress moves to within a region where the normal stress is
compressive, hence the normalized shear stress peak attains unity.
This is predicted by both the analytical and the numerical models
(5c and 15c). Despite a certain underestimation of the normal
stress, the analytical model thus reproduces quite effectively the
numerical interfacial response. During the E-S stage, the analytical
shear stress curve continues to be bounded by the numerical
curves at the mid-width and the side of the beam.6. Comparison of different approaches for prediction of plate
end debonding
It is useful to compare the outcomes of different approaches in
the prediction of the plate end debonding load, i.e. the maximum
load sustainable by the interface at the plate end. In Fig. 16, a com-
parison is presented for a variable mode-II cohesion strength, sp,
with the mode-II fracture energy GIIC and ductility ratio (=dft=d
0
t )
of the interface kept constant. All other parameters are given the
values shown in Table 1. The comparison includes predictions of
the following methods:
1. a mode-II maximum stress criterion
2. a mode-II LEFM model according to the formulation of De
Lorenzis et al. (2010)
3. a mode-II CZ model as per De Lorenzis and Zavarise (2009)
4. a mode-II LEFM model including an effective crack length based
on the size of the softening region (De Lorenzis and Zavarise,
2009)
5. a mixed-mode stress criterion based on Eq. (6)
6. a mixed-mode CZ model based on the approximate procedure
outlined in this paper.) F ¼ F3, shear. (c) F ¼ F1, normal. (d) F ¼ F3, normal.
Fig. 15. Normalized interfacial stresses s=sp and r=rp along the plate mid-width from analytical and FE models (beam S304-L). (a) 107 kN (elastic stage). (b) 136:8 kN (E-S
stage, x ¼ 2:4 mm). (c) 156 kN (E-S stage, x ¼ 9:7 mm).
Fig. 16. Plate end debonding load vs. mode-II cohesion strength.
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form expressions of the plate end debonding load. Several observa-
tions can be made:
–stress-based approaches, i.e. methods (1) and (5), are evidently
conservative and their use would lead to an uneconomical
design of the external strengthening system. Using a mixed-
mode criterion obviously leads to a lower predicted debonding
load than considering only the mode-II interfacial stresses.
Moreover, it interestingly delivers a non-monotonic trend of
the debonding load with the mode-II cohesion strength, thus
pointing to an ‘‘optimal’’ value of sp;– methods (3) and (4) deliver quite close predictions, which tend
to converge towards well-deﬁned limits for very large cohesion
strengths. These limits are basically dictated by the LEFM, i.e. by
method (2), see De Lorenzis and Zavarise (2009) for a detailed
discussion;
–the mixed-mode CZ approach predicts debonding loads that
are signiﬁcantly smaller than those obtained from a pure
mode-II CZ model. Therefore, proper consideration of mixed-
mode effects is of outmost importance for the safe prediction
of plate end debonding. Once again, the non-monotonic trend
of the curve seems to indicate that the adhesive layer (or, more
generally, the interface) with an ‘‘optimal’’ value of sp should be
L. De Lorenzis et al. / International Journal of Solids and Structures 50 (2013) 2477–2494 2491sought. This is a remarkable result which should be given fur-
ther attention in future research.
7. A note on the CZ modeling approach
Of the main assumptions made in developing the analytical
model and listed in Section 2.3, assumptions (iii) and (iv) have
been validated through the analytical–numerical comparison (see
Section 5.1.3). The only assumption in need of further discussion
is assumption (i), which is shared by the numerical model and
therefore cannot be validated by the analytical–numerical compar-
ison. This assumption can be considered to have been indirectly
validated by the numerical-experimental comparison carried out
by Fernando (2010), which provides an indirect experimental
veriﬁcation for the analytical model (see the introduction to Sec-
tion 5). However, it is worthwhile to elaborate more on this topic
as it is of crucial importance to understand the limitations of the
adopted approach.
In reality, signiﬁcant variations occur in both the shear and the
normal interfacial stresses across the thickness of the adhesive
layer, as shown by Zhang and Teng (2010b) for the elastic case.
Hence, the idealization of this layer as a CZ is obviously an approx-
imation, as the CZ ‘‘lumps’’ all processes taking place within the
interface layer of ﬁnite thickness into a ‘‘macroscopic interfacial
law’’ connecting the relative displacements and the stresses across
an ‘‘equivalent’’ interface. This approximation is inherent to the CZ
modeling approach in the form adopted in the present study,
which is common to a large number of previous studies. The appro-
priateness of this approach is discussed in more detail below.
The CZ modeling approach is typically applied (most often
numerically) in one of two different versions. First, for problems
where the debonding crack path is predetermined, cohesive ele-
ments are located at this known path. This approach, referred to
herein as approach 1, has been extensively used in existing work,
for example, in the modeling of delamination in composites where
the interfacial debonding is known to take place between the lam-
inae. Although the actual interfacial layer has a ﬁnite thickness
across which it most often features signiﬁcant stress variations,
for the sake of computational efﬁciency, its behavior is ‘‘lumped’’
into interface elements, most often with zero thickness and in
any case featuring uniform interfacial stresses across the thickness,
which can only ‘‘macroscopically’’ represent the actual interfacial
behavior. Second, for problems where the geometry of the inter-
face is unknown a priori, cohesive interface elements are located
between all pairs of adjacent ﬁnite elements in a 2D or 3D discret-
ized domain. This approach, referred to herein as approach 2, has
been widely used in existing studies to model fracture in quasi-
brittle materials such as concretes or ceramics. Here the interfaces
between elements are not physical, but rather represent the ‘‘con-
stitutive behavior’’ of a cohesive crack once this forms as a result of
stress states in the surrounding elements. These two CZ modeling
approaches are quite different in nature, and a CZ model proposed
and validated for one approach should only be used in that same
approach in order to obtain reliable results.
The coupled mixed-mode CZ law of Camanho et al. (2003) was
proposed and validated in the context of approach 1. In the labo-
ratory tests used by these authors for validation, delamination
phenomena occurred at ﬁnite-thickness interfaces which were
likely to be subjected to signiﬁcant stress variations across the
thickness. However, in the numerical setting where Camanho
et al. (2003) implemented their mixed-mode CZ law, these ﬁ-
nite-thickness interfaces were modeled by ‘‘lumping’’ their
behavior into ‘‘macroscopic’’, zero-thickness interface elements
situated at the location of the predetermined interface. The ana-
lytical model proposed in this paper, by assuming constant inter-
facial stresses across the thickness of the adhesive layer,implicitly follows approach 1 and consistently adopts the model
by Camanho et al. (2003), which was proposed and validated
for the same approach. Also consistently, the experimental cali-
bration of the unknown parameters in the CZ model was con-
ducted by Fernando (2010) adopting the same approach. In
other words, Camanho’s mixed-mode CZ model as calibrated
experimentally by Fernando (2010) implicitly considers the ef-
fects of interfacial stress variations across the thickness and
‘‘lumps’’ them into a ‘‘macroscopic’’ CZ law.
The above discussions indicate that the use of assumption (i) in
the present study is appropriate as it is consistent with the CZ law
adopted, as well as with the way the latter was experimentally cal-
ibrated. Conversely, it would not be consistent to apply Camanho
et al.’s model in combination with a higher order analysis which
considers stress variations across the thickness of the adhesive
layer, or equivalently with the numerical 2D-2D-2D approach
(using the terminology in Zhang and Teng (2010b)), as this would
correspond to implementing a mixed-mode law proposed and
validated within the context of approach 1 into a model based on
approach 2.
Notwithstanding the above explanations, one should be aware
that approach 1 does present some signiﬁcant limitations, which
were recently highlighted by De Lorenzis (2012). The ‘‘lumping’’
process referred to above may introduce a dependency of the cal-
ibrated parameters of a ‘‘macroscopic’’ model on the boundary
conditions of the speciﬁc problem under examination. Therefore,
e.g., calibration of Camanho et al.’s model based on shear tests of
bonded joints (e.g. Yu et al., 2012) and then application of the cal-
ibrated parameters to prediction of ﬂexural tests is not guaranteed
to yield accurate results. While a deeper investigation into these
issues requires much further effort, the numerical and indirect
experimental comparisons presented in this paper and in Fernando
(2010) provide conﬁdence in the accuracy of the proposed model
for the speciﬁc case under examination.8. Conclusions
The coupled mixed-mode CZ model presented in this paper pro-
vides a new analytical tool for predicting the plate end debonding
load of plated beams, accounting for both shear and normal inter-
facial stresses at the plate end, as well as their interaction. The
model relies upon some important simplifying assumptions,
whose validity for a wide range of geometry and material parame-
ters as well as for loading cases different from the one addressed
herein should be evaluated with further research. With this further
validation and upon veriﬁcation against more experimental
results, the model can be usefully incorporated into existing design
guides and codes. Moreover, the approximate procedure devised in
this study constitutes a methodology which may be used in com-
bination with different coupled CZ laws to solve mixed-mode deb-
onding problems.
The proposed model, applied in this paper to the analysis of
CFRP-strengthened steel beams, may be equally well applied to
other cases, such as timber or concrete beams strengthened with
steel or FRP laminates, although the CZ laws may be related to dif-
ferent physical phenomena in these cases; for example, in the case
of a wet lay-up FRP laminate bonded to a concrete surface, the
macroscopic interface in the CZ model physically corresponds to
an heterogeneous ﬁnite-thickness layer including the superﬁcial
concrete and the polymer layer of primer and resin. Despite the
general applicability of the presented theory, care should be taken
in dealing with quasi-brittle substrate materials such as concrete,
where cracking may signiﬁcantly inﬂuence the local distribution
of interfacial stresses. The model presented in this paper assumes
linear elastic behavior of the strengthened beam, but it could be
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non-linearities arise in the material behavior, e.g. in the case of
steel beams. In cases where the non-linearities are concentrated
in small portions of the beam, the proposed model may still
provide acceptable predictions of the load at debonding initiation.
Consideration of loading and unloading behavior, as well as an
extension of the analysis into the debonding stage may also be pur-
sued in further research.
Of the several CZ models incorporating shear and normal
effects available in the literature, the one by Camanho et al.
(2003) was selected in this study due to its simplicity and avail-
ability within a commercial code framework. However, this
choice demands a word of caution, as the model was developed
to predict delamination in composite materials and is not neces-
sarily suitable for use in different contexts. For the main applica-
tions of consideration in this study, i.e. FRP or steel plates bonded
to steel, timber or concrete substrates, there is currently no
experimental or theoretical basis for the adoption of any given
coupled CZ law (De Lorenzis, 2012) although Camanho et al.’s
(2003) model is likely to be applicable to steel beams adhesively
bonded with an FRP laminate where debonding occurs in the
epoxy adhesive layer. Further research should be performed in
this area.Acknowledgement
The ﬁrst author has received funding for this research from the
European Research Council under the European Union’s Seventh
Framework Programme (FP7/2007–2013)/ ERC Grant agreement
n 279439.Appendix A. Appendix – Validation of the approximate
procedure for the pure mode-II case
A.1. Interfacial shear stresses in the elastic – softening stage
The following analysis considers the same problem as stated in
Section 2.1, and extends the elastic analysis of interfacial stresses
presented in Section 3 to the E-S stage. This extension is only pre-
sented for the interfacial shear stress, in order to obtain a simple
closed-form solution similar to that ﬁrst presented in De Lorenzis
and Zavarise (2009). The equilibrium equations derived in Section
3.1 are obviously still valid.
The elastic analysis presented in Section 3 is valid as long as the
interfacial stresses fall within the elastic domain, see Eq. (6). If pure
mode-II conditions are assumed by neglecting the interfacial nor-
mal stress, the end of the elastic stage is simply reached when
the interfacial shear stress reaches sp at x ¼ 0. As loading further
progresses, an increasingly long region of the interface close to
the plate end enters the softening state, while the rest of the inter-
face remains elastic. At the beginning of this stage, the load in-
creases as the length of the softening zone, x, increases. As
shown by De Lorenzis and Zavarise (2009), the maximum load
Fmax is attained during this stage for a length xmax of the softening
zone. For longer lengths, the load starts decreasing.
In the softening zone, i.e. for 0 6 x 6 x, the interfacial behavior
is described by the second branch of the tangential cohesive law,
assumed to have a bilinear shape as shown in Fig. 2a. Recalling
Eq. (29), the analytical expression can thus be written as
ssðxÞ ¼ s0  K 0T u2ðxÞ  u1ðxÞ½  ðA:1Þ
where s0 and K 0T are respectively the intercept and the slope of the
second branch (see Fig. 2a), given bys0 ¼ spd
f
t
dft  d0t
K 0T ¼
sp
dft  d0t
ðA:2Þ
and the subscript s refers to the softening state of the interface. The
ﬁrst and second derivatives of Eq. (A.1) yield
dss
dx
¼ K 0T
du2
dx
 du1
dx
	 

ðA:3Þ
d2ss
dx2
¼ K 0T
d2u2
dx2
 d
2u1
dx2
" #
ðA:4Þ
If the ﬁrst derivatives of Eqs. (34) and (35) are substituted into Eq.
(A.4), and by using Eqs. (22a,b) and (39), (40) as for the elastic stage,
the following differential equation governing the softening region of
the interface is obtained
d2ss
dx2
þ k02ssðxÞ m01k02
F
2
¼ 0 ðA:5Þ
where
k02 ¼ K 0T
1
E1A1
þ 1
E2A2
þ ðy1 þ y2Þðy1 þ y2 þ taÞ
E1I1 þ E2I2
	 

¼
K 0T
KT
k2 ðA:6Þ
and
m01 ¼
K 0T y1 þ y2ð Þ
k02 E1I1 þ E2I2ð Þ
¼ m1 ðA:7Þ
The following deﬁnition is now introduced:
r ¼ k
0
k
¼
ﬃﬃﬃﬃﬃﬃ
K 0T
KT
s
ðA:8Þ
where the second equality stems from Eq. (A.6). Note the analogy
with the previous deﬁnition by Eq. (17).
The general solution of Eq. (A.5) and its ﬁrst derivative are given
by
ssðxÞ ¼ B3cosðk0xÞ þ B4sinðk0xÞ þm1 F2 ðA:9Þ
dss
dx
¼ B3k0sinðk0xÞ þ B4k0cosðk0xÞ ðA:10Þ
As mentioned earlier, Eqs. (A.9) and (A.10) are valid for 0 6 x 6 x. In
the elastic zone, i.e. for x 6 x 6 l, Eqs. (44) and (45) continue to hold.
In summary, the interfacial stresses in the E-S stage are given by
ssðxÞ ¼ B3cosðk0xÞ þ B4sinðk0xÞ þm1 F2 0 6 x 6 x ðA:11Þ
seðxÞ ¼ B5coshðkxÞ þ B6sinhðkxÞ þm1 F2 x 6 x 6 l ðA:12Þ
The constants in Eq. (A.12) have been renamed with respect to Eq.
(44), as they are different from those determined for the elastic
stage. Hence,
dse
dx
¼ B5ksinhðkxÞ þ B6kcoshðkxÞ ðA:13Þ
In this case, four boundary conditions have to be imposed to
determine the unknown constants B3;B4;B5, and B6. The ﬁrst one,
stemming from symmetry, is still given by Eq. (46). The second
one of the elastic case still holds, i.e., for x ¼ 0, it is N1 ¼ N2 ¼ 0;
M2 ¼ 0 and M1 ¼ M ¼ Fa=2. Therefore, in this case Eqs. (A.3), (34)
and (35) yield
dss
dx
ð0Þ ¼ m02
Fa
2
ðA:14Þ
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m02 ¼
K 0Ty1
E1I1
ðA:15Þ
The remaining two boundary conditions are found by imposing the
continuity of the shear stress at the point of transition between the
elastic and the softening regions of the interface:
se xð Þ ¼ ss xð Þ ðA:16Þ
and the attainment of the peak shear stress at the same point:
se xð Þ ¼ sp ðA:17Þ
Eqs. (46), (A.14), (A.16) and (A.17) give the following values for the
constants
B3 ¼ 1cos k0xð Þ sp 
F
2
m1 þm
0
2a
k0
sink0x
	 
 
B4 ¼ F2
m02a
k0
B5 ¼ 1sinh k l xð Þ½  sinhklsp þ
m1F
2
sinhkx sinhkl½ 
 
B6 ¼  1sinh k l xð Þ½  coshklsp þ
m1F
2
coshkx coshkl½ 
 
ðA:18Þ
As the above expressions contain the unknown parameter x,
one more condition is needed for its determination. In order to ﬁnd
it, the derivative of the elastic interfacial shear stress, Eq. (32), and
Eqs. (34) and (35) are combined to yield, for x ¼ x
dse
dx
ðxÞ ¼ KT  y2E2I2 M2ð
xÞ þ 1
E2A2
N2ðxÞ  y1E1I1 M1ð
xÞ þ 1
E1A1
N1ðxÞ
	 

ðA:19Þ
Moreover, the derivative of the softening interfacial shear stress
given by Eq. (A.3) is combined with Eqs. (34) and (35), to give at
x ¼ x
dss
dx
ðxÞ ¼ K 0T 
y2
E2I2
M2ðxÞ þ 1E2A2 N2ð
xÞ  y1
E1I1
M1ðxÞ þ 1E1A1 N1ð
xÞ
	 

ðA:20Þ
For x ¼ x;N1;N2;M1 andM2 are all continuous. Therefore, a compar-
ison of Eq. (A.19) with Eq. (A.20) yields immediately
dss
dx
xð Þ ¼ K
0
T
KT
dse
dx
xð Þ ðA:21Þ
The terms dssdx xð Þ and dsedx xð Þ of the above equation can be replaced
with their expressions obtained from Eqs. (A.10) and (A.13)((a)
Fig. A.1. Comparison between approximate and exact approaches for the mocomputed at x ¼ x. By substituting in the resulting expressions
the values of the constants given by Eqs. (A.18), and also recalling
Eq. (A.6), the following implicit expression is obtained for x
F ¼ 2spf xð Þ ðA:22Þ
where
f xð Þ ¼ tank0xþ rcotgh k l xð Þ½ ð Þ
,
m1sink
0xþ m02ak0
cosk0x
þm1r cosh k l
xð Þ½   1
sinh k l xð Þ½ 
 !
ðA:23Þ
Eq. (A.22) provides the relationship between x and F at the E-S
stage. A simpliﬁed expression for f xð Þ can be found for cases where
k l xð Þ > 10 (which are common for steel- and FRP-plated beams),
as follows
f xð Þ ¼ tank0xþ rð Þ m1sink
0xþ m02ak0
cosk0x
þm1r
 !,
ðA:24ÞA.2. Ultimate load
The maximum value of applied load sustainable by the inter-
face, Fmax, is reached during the E-S stage. It can be computed by
maximizing f xð Þ with respect to x in Eqs. (A.23) or (A.24), and
substituting the resulting value xmax into Eq. (A.22). In cases when
the simpliﬁed Eq. (A.24) holds, it is
xmax ¼ 1
k0
arctan
1
r
 
¼ 1
k0
arctan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lt  1
q 
ðA:25Þ
and consequently
Fmax ¼ 2spf xmaxð Þ ¼ 2sp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ r2p
m1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ r2p þ m02ak0
¼ 2sp lt
m1lt þ
m02a
k0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lt lt  1
 q ðA:26ÞA.3. Approximate versus exact approaches
The preceding subsection gives a closed-form solution for the
interfacial shear stress along the interface during the E-S stage.
Hereafter, the approximate procedure outlined in Section 4.1 is ap-
plied to this case in order to evaluate the accuracy of the corre-
sponding results.b)
de-II case. (a) x ¼ 7:13mm; F ¼ 142:7kN. (b) x ¼ 20:0mm; F ¼ 168:8kN.
2494 L. De Lorenzis et al. / International Journal of Solids and Structures 50 (2013) 2477–2494Fig. A.1 illustrates the comparison between the results of the
exact and the approximate procedures for the numerical example
in Table 1. The normalized interfacial shear stress s xð Þ=sp is shown
along the interface for two different lengths of the softening region
x. For each value of x, the exact curve is obtained by computing the
unknown constants from Eq. (A.18) and subsequently the shear
stress from Eqs. (A.11) and (A.12). The approximate procedure is
applied as follows:
 the value of dte;max corresponding to the given value of x is
computed from Eq. (53), considering that dte;max is the value of
tangential relative displacement at the plate end for which
the shear stress at x ¼ x would be equal to sp dte;max ¼ spKT
~B1 þ m12
~B1coshkxþ ~B2sinhkxþ m12
  ðA:27Þ the elastic tangential relative displacements are computed from
Eq. (54). Obviously, the elastic interfacial shear stresses corre-
sponding to these displacements would be larger than sp for
0 6 x < x^, hence they would overshoot the limit of the elastic
range. Based on the main assumption of the approximate proce-
dure, the tangential relative displacements are approximated by
the elastic values, i.e. dt xð Þ  dte xð Þ;
 the interfacial shear stresses are obtained from dt xð Þ using the
bilinear CZ law in Fig. 2a.
The comparison in Fig. A.1 shows that the difference between the
interfacial shear stress values obtained with the two different pro-
cedures tends to increase with the length of the softening region,
but always remains negligibly small for practical purposes. Note
that in both cases the load corresponding to each value of x is given
by Eq. (A.22).
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